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ABSTRACT

The study reported in this article investigated the appropriateness of Mathematical Knowledge in
Teaching of three pre-service primary school teachers (PSTs), teaching an informal statistical
inference (ISI) lesson to primary school students. Using an ISI framework and the Knowledge
Quartet framework, the presence and appropriateness of the PSTs’ teaching actions were coded
and categorized. The results showed that PSTs were consciously engaged in making inferences
based on sample data. The PSTs struggled to correctly interpret students’ conceptual input and to
explain ISI, in particular, how generalizing from a sample is possible. Teacher education should
focus on how PSTs can foster students’ understanding of the logic of drawing conclusions about a
population based on a sample.

Keywords: Statistics education research; informal statistical inference; primary education; initial
teacher education; teacher knowledge

1. INTRODUCTION

Data and statistics have become pervasive in our society (Gravemeijer et al., 2017) and individual
citizens are required to engage in data-based decision making. Often, this decision-making involves
inferential reasoning and critically evaluating inferences from empirical data (Liu & Grusky, 2013). To
prepare children for their roles in society, primary school students need to learn to reason inferentially.
One way to introduce primary school students to inferential reasoning is by means of informal statistical
inference ([ISI]; Groth & Meletiou-Mavrotheris, 2018), which is defined as constructing “a generalized
conclusion expressed with uncertainty and evidenced by, yet extending beyond, available data” (Ben-
Zvi et al., 2015, p. 293). Previous studies have found that primary school students are able to begin
reasoning about inferences (Leavy & Sloane, 2017; Makar, 2016). In some countries, such as Australia
and New Zealand, introductions to IS are part of primary education, while other countries, such as the
Netherlands, have plans to add ISI to the curriculum (curriculum.nu, 2019). To introduce primary
school students to ISI, their teachers need to learn how to conduct this introduction. Therefore, it is
important to understand how primary school teachers can be supported to introduce their students to
ISI.
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In a previous study, we examined how pre-service primary school teachers’ ISI knowledge for
teaching developed during a short teacher college intervention (De Vetten et al., 2018). Since the
transfer of knowledge acquired in a teacher college setting to an actual teaching situation is not
straightforward (Ball et al., 2001; Fennema & Franke, 1992; Rowland et al., 2009), we also need to
evaluate teachers’ ability to mobilize their ISI knowledge during teaching. To date, there has been no
detailed investigation of teachers’ ISI knowledge during teaching. The aim of the present article is to
investigate the extent to which pre-service teachers (PSTs) are able to show appropriate ISI knowledge
during teaching an ISI lesson in their primary internship classrooms.

2. THEORETICAL BACKGROUND

It is generally held that teaching mathematics, of which ISl is a subdomain, requires general
pedagogical knowledge and Mathematical Knowledge for Teaching ([MKT]; Ball et al., 2008; Blomeke
etal., 2011; Schmidt et al., 2008; Shulman, 1987). Pedagogical knowledge, as conceived in this article,
is general knowledge about teaching strategies that is independent of the subject matter. Our study
focuses on MKT, which consists of content knowledge (CK) and pedagogical content knowledge
(PCK). CK is knowledge of the mathematics itself; PCK is the knowledge of how to teach mathematics,
such as appropriate examples, representations and explanations to the topic at hand, and knowledge of
the difficulties students might encounter and the (mis)conceptions they may hold (Shulman, 1987).
Following Charalambous et al. (2020), we investigated PSTs’ CK and PCK synergistically.

While usually teachers acquire their MKT during initial teacher education, it cannot be assumed
that teachers automatically know how to use their MKT in actual teaching (Ball et al., 2001; Putnam &
Borko, 2000; Rowland et al., 2009). Teachers also need to be able to “unpack” their MKT for teaching
purposes (Ma, 1999). Unpacking MKT in a teaching setting appears not to be straightforward, as
“Thompson and Thompson (1994) show([ed] that although a teacher had strong conceptual knowledge
on a pencil-and-paper test and in a professional development setting, he had trouble talking conceptually
about rates during a tutoring session” (Hill et al., 2008, p. 435). The complexity of using one’s MKT in
teaching stems from the more demanding requirements of teaching compared to professional
development settings (Ball et al., 2001; Mickelson & Heaton, 2004). For instance, teaching requires
teachers to react immediately to unexpected remarks, questions, and events. Therefore, studying
teachers” MKT in the context of teaching can reveal what MKT they are able to mobilize during
teaching (Ball et al., 2001; Fennema & Franke, 1992; Rowland et al., 2009). We label this as
Mathematical Knowledge in Teaching ([MKiT]; Weston, 2013). MKiT is informed by teachers” MKT
and is displayed in observable ways teachers use their MKT (Auletto & Stein, 2020; Rowland et al.,
2005).

To study PSTs’ MKiT, we used the Knowledge Quartet framework ([KQ]; Rowland et al., 2005).
The KQ is comprised of four dimensions of teachers’ MKiT: foundation, transformation, connection,
and contingency; each dimension consists of four to seven aspects (see Appendix 1). Using the coding
protocol developed by Hill and colleagues (2008), we coded both the presence and appropriateness of
teaching actions, where appropriate teaching actions are those that help the lesson move towards
attainment of the learning objectives, while inappropriate teaching actions are those that significantly
hinder the attainment of the learning objectives (Learning Mathematics for Teaching, 2006; Weston,
2013).

In order to describe the PSTs” MKIT of ISI (ISI-MKiT), we used the ISI framework by Makar and
Rubin (2009). As in our previous studies (De Vetten et al.,, 2018; De Vetten et al., 2019a), we
conceptualized the three components of this framework as follows:

1. Dataas evidence: The inference is based on available data and not on tradition, personal beliefs,
or personal experience.

2. Generalization beyond the data: The inference goes beyond a description of the sample data by
making a probabilistic claim about a population or a mechanism that produced the sample data.

3. Probabilistic language: Due to sampling variability and the degree of sample
representativeness, the inference is inherently uncertain and requires using probabilistic
language. For the correct usage of probabilistic language, the origins of uncertainty in
inferences must be understood. Therefore, we divided this component into four subcomponents:
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a. Sampling variability: The inference is based on an understanding of sampling
variability; it is expressed from an understanding that the outcomes of representative
samples are similar, and thus, under certain circumstances, a sample can be used for an
inference (Saldanha & Thompson, 2007).

b. Sampling method: The inference includes a discussion of the sampling method and the
implications of the sample representativeness.

c. Sample size: The inference includes a discussion of the sample size and the
implications of the sample representativeness.

d. Uncertainty: The inference is expressed with uncertainty and includes a discussion of
what the sample characteristics, such as the sampling method employed and the sample
size, imply for the certainty of the inference.

Previous research suggested a need to develop (pre-service) primary school teachers’ CK of ISI
(ISI-CK), as many pre-service teachers have limited knowledge of sampling variability, sampling
methods, sample size, and representativeness (Canada, 2006; De Vetten et al., 2019a; De Vetten et al.,
2019b; Meletiou-Mavrotheris et al., 2014; Mooney et al., 2014; Watson, 2001). Furthermore, evidence
showed PSTs lack awareness that 1SI tasks require an inference over and above a descriptive analysis
of the data, while mixed results were found regarding the extent to which pre-service teachers
acknowledge the value of data as evidence and the possibility of using a sample to make (probabilistic)
inferences (De Vetten et al., 2019a, 2019b).

Previous studies, including two of our own, focused on the development of pre-service primary
school teachers’ ISI-CK by employing teacher college interventions (De Vetten et al., 2018, 2019b;
Leavy, 2010). The only study to date that investigated ISI-MKIiT is Leavy (2010). The PSTs in that
study designed ISI lessons themselves, and even though the final-year PSTs specialized in mathematics
education and had strong ISI-CK, they faced difficulties in designing a lesson that contained sufficient
affordance to discuss ISI. The resulting lessons, therefore, provided few opportunities to study PSTs’
ISI-MKIT. There has thus been no detailed investigation of ISI-MKIT.

As part of our second teacher college intervention (De Vetten et al., 2018), the participating PSTs
taught an 1SI lesson in their placement schools. As previous research has revealed the difficulties PSTs
face in designing a lesson that contains sufficient affordances to discuss ISI (Chick & Pierce, 2012;
Leavy, 2010; Makar & Rubin, 2009), and since Dutch primary teacher education usually devotes little
time to statistics and none to ISI, we provided the PSTs with a lesson plan containing sufficient
affordances to teach ISI. This article describes the ISI-MKIiT of three PSTs, who participated in the
teacher college intervention, while teaching ISI to primary school students. The results provide initial
evidence of how teacher education can support PSTs to introduce primary school students to ISI. The
research question is:

What ISI-MKIT is present in the teaching of pre-service teachers’ ISI lessons in primary school
and what is the appropriateness of their ISI-MKiT?

3. METHOD
3.1. CONTEXT AND PARTICIPANTS

This study reports on a multiple case study of three second-year PSTs—Celine, Demi, and Alfred
(pseudonyms)—as they taught an ISl lesson to primary school students. These PSTs were among 21
participants of an intervention at a teacher college in a large Dutch city. These three PSTs were selected
based on their sufficient to strong ISI-CK during the intervention’s pre-test (De Vetten et al., 2018),
their ability to openly express their opinions and concerns, and their willingness to participate. Table 1
shows an overview of this intervention; a detailed description of the intervention and the results can be
found in De Vetten et al. (2018). Celine taught her ISI lesson between the third and fourth meeting of
the intervention; Alfred and Demi between the fourth and fifth meeting. Celine (female; 18 years;
showing high ISI-CK as compared to the other participants during the teacher college intervention)
taught in third grade, Demi (female; 19 years; average ISI-CK) in fifth grade, and Alfred (male; 20
years; high ISI-CK) in a combined third/fourth grade class. During the teacher college intervention,
their ISI-CK was relatively strong for the components Data as evidence, Generalization beyond the
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data, Sampling variability, and Uncertainty. It was relatively weak for Sampling method and Sample
size. All parties gave informed consent. The study design was approved by the ethical board of the
Faculty of Movement and Behavorial Sciences of Vrije Universiteit Amsterdam.

Table 1. Overview of Teacher College Intervention

Week Setting Activity
1 Homework Homework assignment: Samples in the media
3 Session 1 Discussion of homework (60 minutes)

Real-time computer simulation illustrating law of large numbers
(20 minutes)

5 Session 2 Reiteration of learning points simulation (10 minutes)
Teacher educators models lesson: “What is the most frequently
used word in a stack of children novels?” (70 minutes)

5 Session 3 Car choice activity (20 minutes)
Discussion of ISI-PCK (45 minutes)

6-11 Placement Schools First half of the participants (including Celine and Demi) teach

ISI lesson
12 Session 4 Evaluation of ISI lessons in placement schools (30 minutes)
13-15  Placement Schools Second half of the participants (including Alfred) teach ISI
lesson
16 Session 5 Evaluation of ISI lessons in placement schools (15 minutes)

3.2. LESSON “WHAT IS THE MOST FREQUENTLY USED WORD IN A STACK OF
CHILDREN NOVELS?”

The PSTs all taught the lesson “What is the most frequently used word in a stack of children
novels?” (see Appendix 2 for the learning objectives and the lesson plan). The lesson was modelled
during the teacher college intervention (see Table 1, Session 2), after we had successfully piloted the
lesson in primary classrooms. The lesson centered on a large collection of Dutch children’s novels. The
driving question was which word would be the most frequently used in the collection of books. The
enormity and visibility of the population was expected to elicit the need to draw a sample and make
inferences, and, since schools usually have a school library, all PSTs could easily implement the lesson.
The investigation was based on five words that the class expected to find most frequently. Class
discussion was used to reach consensus about the preferred sampling method, usually scanning in small
groups a limited number of lines or pages for the five words, so that separate groups’ sample data could
later be pooled into one large sample. The groups were to conduct an investigation using the agreed-
upon sampling method. The analysis of the sample data was kept simple, as only the frequency needed
to be determined. The subsequent discussion dealt with the possibility and certainty of generalization
from sample results, both from the individual groups’ sample data and from the pooled data.

The lesson plan included a suggested sequence of activities and questions to ask the students. Since
the lesson used the concept of dialogic classroom talk to elicit and discuss students’ suggestions (Wells,
1999), the lesson provided considerable leeway for PSTs to steer the direction of the lesson. Table 2
provides an overview of relevant characteristics of the PSTs’ lessons.

Table 2. Overview characteristics of PSTs’ lessons

Characteristic Alfred Celine Demi
Grade Level 3/4 3 5
Number of Students 26 28 27
Time Spent on Class Discussions and Making a Pooled Graph (min) 54 25 44
Time Spent on Group Work (min) 14 16 15
Total Duration (min) 68 41 59
Number of fragments 13 13 22
Number of fragments including ISI discussion 11 12 18
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3.3. DATA COLLECTION AND ANALYSIS

Two kinds of data were collected. The first data source were video recordings of the classroom
interactions. The first author, who was also the teacher educator during the teacher college intervention,
was present as an observer. The second data source was comprised of transcripts of audio-taped
reflection interviews between the PST and the first author, which were conducted shortly after the
lessons. The discussions during these interviews included evaluations of the extent the learning
objectives were attained by the students, explanations of the PST’s and students’ conduct during the
lesson, and checking interpretations made by the observer. Additionally, PSTs’ lesson plans, students’
written work, and the observer’s notes were used as data. All data from the class discussions and the
reflection interviews were transcribed.

As the unit of analysis, we chose a lesson fragment, consisting of a whole class discussion
concerning one substantive topic, because such meaningful units allow for descriptions of the processes
implemented in class (Schlesinger & Jentsch, 2016). Table 2 shows the number of fragments for each
lesson. Each fragment was coded using both the ISI and the KQ frameworks. The coding process from
the ISI framework used a process consisting of deductive and inductive elements. On the inductive side,
short summaries of the text were attached as codes to the text to describe the content of the PSTs’
actions. These codes were subsequently combined into groups with similar meanings or issues. On the
deductive side, the I1SI framework was used to categorize the codes into the ISI components.

The coding process from the KQ framework followed the approach of Learning Mathematics for
Teaching (2006) and focused on the presence and appropriateness of teaching actions. First, for each
fragment the presence of each of the 20 KQ codes was coded (present versus non-present). Second, the
appropriateness of the (non-)presence of teaching actions was evaluated (appropriate versus
inappropriate), given the classroom setting and the context of the entire lesson. The reflection interviews
were crucial for coding the appropriateness of teaching actions, as the interviews revealed the
considerations of the PST to act in a particular way, and helped to understand how during the specific
teaching action the PST interpreted the situation and the students’ understanding at that point of time.
Present teaching actions were coded as appropriate when these teaching actions helped the lesson move
towards attainment of the learning objectives. Absent teaching actions were coded as appropriate when
this absence did not hinder the attainment of the learning objectives. Present teaching actions were
coded as inappropriate when these teaching actions hindered the attainment of the learning objectives.
Absent teaching actions were coded as inappropriate when these teaching actions were essential to
move the lesson towards attainment of the learning objectives. Six KQ codes were excluded from
analyses, as these codes were only present in at most one fragment. The analyses are based on the
remaining 14 KQ codes. As the proportions of presence and appropriateness of the various KQ codes
within the dimensions differed, we report the results only at the KQ level, and do not report the
aggregated results at the KQ dimension level.

The analyses were conducted in atlas.ti, Excel, and R. They involved (cross-)tabulating the codes
from the KQ and ISI frameworks and searching for patterns and notable results. The explanations given
by the PSTs regarding their conduct during the lesson were triangulated with the researcher’s
observations. To understand why the teachers demonstrated particular ISI-MKIiT, evidence was
interpreted from the following context-related factors: (1) ISI-CK displayed during the teacher college
intervention, both during pretest and sessions; (2) lesson design factors; and (3) pedagogical
considerations, such as decisions related to classroom management. To validate the coding process, the
first and second author independently coded about 10% of the fragments and discussed the results until
consensus was reached about the coding results and the results’ validity.

4. RESULTS

Table 3 provides an overview of the presence and appropriateness of the PSTs’ teaching actions.
The overall appropriateness of teaching actions was 81% for Alfred, 93% for Celine, and 84% for Demi.
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Table 3. Proportion of appropriate present and not present teaching actions®

Present-appr. Not present-appr. Present-inappr. Not present-inappr.
Appr
KQ code total AIf Cel Dem AIf Cel Dem AIf Cel Dem AIf Cel Dem
Use of mathematical 1 .09 2 22 91 1 .78
terminology (ut)
Use of instructional 98 64 83 22 36 .17 .72 .06
materials (uim)
Decisions about sequencing .95 .09 .06 .91 1 .83 A1
(ds)
Choice of representations 95 27 17 11 64 83 .83 .06 .09
(cur)
Deviation from agenda (da) .90 .09 91 92 83 .08 17
Adherence to textbook (atb) .85 .09 .06 82 92 72 09 .08 .22
Responding to students’ .76 .64 75 .78 .08 36 17 .22
ideas (rsi)
Identifying pupils’ errors .90 45 50 72 21 42 28 .27 .08
(ie)
Teacher demonstration (dt) 80 36 25 06 .36 .58 .78 A1 27 17 .06
Recognition of conceptual 83 45 67 50 27 25 33 27 .08 .17
appropriateness (rca)
Awareness of purpose (ap) 78 73 92 .72 27 .08 .28
Anticipation of complexity 78 .18 42 33 45 58 .39 .36 .28
(ac)
Overt display of subject .78 .08 73 83 .72 27 .08 .28
knowledge (osk)
Making connections 73 A8 .08 17 45 75 .56 36 .17 .28

between concepts (mcc)

Alfred 11 fragments, Celine 12 fragments; Demi 18 fragments. 2Cells with 0% are left empty. 3Grey-shaded
blocks of cells highlight trends discussed in the text.

Closer inspection of Table 3 reveals some trends (shaded in Table 3). First, mathematical language
(KQ code ut) was largely absent from the lessons, apart from Alfred and Demi defining a sample. This
is in line with the informal nature of ISI, which stimulates the use of context language rather than formal
statistical language. Second, Alfred and Celine used instructional materials (uim, i.e., pointing at the
stack of books as the population, holding one book as a sample) in the majority of the fragments (64%
and 83% respectively), and Demi only in a minority (23%) of the fragments. This difference may be
explained by the fact that Alfred and Celine actually had piled up books in front of their classrooms,
while Demi had left the books in the class’ bookcase. Third, in most fragments the PSTs did not deviate
from the provided lesson plan and the suggested representations, either on own their initiative or in
response to children’s input (atb, da, cur, ds), apart from Demi. Fourth, in 98% of all fragments, the
PSTs responded to students’ ideas, underlining the constructivist nature of the lesson. In the majority
of the fragments, these responses were appropriate, although to a lesser extent for Alfred’s lesson.
Finally, inappropriate teaching actions often concern the failure to correctly interpret students’
conceptual input (ie, ac, rca), to provide correct conceptual explanations of the content (osk, dt, mcc),
and, for Alfred and Demi, a lack of purpose (ap). Although explanations were correct in the majority
of the fragments, in crucial fragments PSTs failed to provide appropriate explanations and to make
connections between concepts. These fragments will be discussed below for each PST separately.

Table 4 relates the appropriateness of teaching actions to ISI. It shows for each PST the number of
fragments in which a particular ISI component was discussed, and the appropriateness of the teaching
actions, both present and absent, in these fragments. Generalization beyond the data was most often
discussed (20 fragments); Sampling methods least (five fragments). The overall appropriateness was
relatively high for teaching actions related to Data as evidence and Generalization beyond the data. In
particular, the transcript showed the PSTs used the data as evidence for their conclusions and drew
conclusions that pertained consistently to the population, rather than to the sample data only. Also, all
three were generally clear about what comprised the population and the sample, and Alfred and Demi
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provided clear definitions of a sample. Demi’s relatively low score on Data as evidence is deflated by
inappropriate teaching actions that were related to other ISI components. Concerning Sample size, in
all three lessons, the discussion about how many books and pages to survey resulted in a sample of
sufficient size that could be collected within a limited time. Sampling method received limited attention:
Celine briefly discussed whether it mattered which books would be selected (see below); and Alfred
and Demi dismissed the suggestion to check back covers as unrepresentative for the content of a book.
Alfred did not address sampling variability at all, and Uncertainty in one fragment only, with a low
level of appropriateness.

Table 4. Proportion of appropriate (absence of) teaching actions for fragments where an 1Sl
component was discussed*

Alfred Celine Demi
ISI comp. Fragments  Appr. Fragments Appr. Fragments  Appr.
Data as evidence 3 976 6 .905 3 .690
Generalization beyond the data 8 .893 5 .823 7 .878
Sampling variability 0 na 3 .786 5 .829
Sampling methods 3 .786 1 1 3 .952
Sample size 2 .893 4 911 5 871
Uncertainty 1 429 2 1 3 714

tAlfred 11 fragments, Celine 12 fragments; Demi 18 fragments.
4.1. ALFRED

Apart from the trends discussed above, two issues stand out in Alfred’s lesson. The first issue relates
to the question whether it is necessary to sample all books from the stack. He correctly emphasized the
impossibility of sampling all books and the necessity of drawing a sample. He also correctly remarked
that the large difference between the first (the) and second most frequently used words in the sample
made it more likely that the would also be the most frequently used word in the population:

Alfred:  Still, | want an answer to my question .... So, do we have to read all books to see which
word occurs most often? We just saw that the becomes higher and higher, more and
more, and that it protruded above the rest .... Do we really need to read all books?

Despite the use of the data as evidence for making generalizations, Alfred did not address the idea that
if the sample is sufficiently large, one can expect that most samples will have the same most frequently
used word. He thus did not relate the possibility of making generalizations to sampling variability (dt,
mcc).

A second issue is that whole-class discussions concerning Sample size and Uncertainty lacked
purpose and did not help to attain of the learning objectives (ap, ac). This was evidenced by lengthy
series of gathering responses without discussing the conceptual appropriateness of students’
suggestions (ie, rca, rsi, dt). For example, when eliciting initial likely top five words in the introduction
phase of the lesson, he did not discuss which words are more likely than others. Also, when discussing
the sample size, he asked numerous students how many pages to sample, without discussing the
appropriateness of their suggestions. After several rounds of gathering suggestions, he concluded that
the suggested sampling strategies were not fair after all and suggested that each group could sample 20
lines. The lack of purpose and failure to discuss students’ input came most problematically to the fore
when he discussed the certainty of the inference (see Table 4; 42.9% appropriateness for Uncertainty).
Again, Alfred gathered numerous responses without discussing whether these responses made sense,
even when students made contradictory claims. Students expressed 50% certainty, because not all books
had been read; 99% certainty, because other books would probably show the same result; and 100%
certainty, because the students had conducted the research themselves—Alfred agreed with them all.

During the reflection interview, Alfred attributed the lengthiness of the discussions to his lack of
ISI-CK. Indeed, in 27% of the fragments, Alfred made obvious mistakes (osk: np-i). He indicated that
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he was able to elicit useful ideas from students for mathematical topics he knew well, but for ISI his
lack of CK hindered his ability to respond appropriately to students: “I think that has to do with the fact
that | find this topic so difficult myself, that actually I cannot explain it well, that | cannot approach it
from multiple angles, respond quickly to what students say.” Although Alfred demonstrated
comparatively high ISI-CK during the pre-test and the teacher college sessions, he claimed that these
problems were caused by his lack of ISI-CK.

This episode provides an example of the difficulty PSTs can have using their CK in teaching.
Another explanation could be that the amount of time Alfred had put in preparing the lesson was too
little to internalize the lesson’s flow and underlying ideas and allow him to guide the discussions. Alfred
had almost completely copied the teacher educator’s lesson plan into his own. This finding is further
supported by the fact that while discussing the certainty of the conclusions, he held the lesson plan in
his hands and seemed to look for the next step.

100

80
60
40
20
0 . . . .
the he and

a(n) is

Figure 1. Bar graph of the pooled data for all groups in Celine’s lesson. A and an refer to the
same Dutch word (een)

4.2. CELINE

During the introduction and research design phases, all Celine’s teaching actions were appropriate.
She skillfully and efficiently steered the lesson towards the obtainment of the learning objectives. For
example, when Celine discussed the interpretation of the pooled data, she used correct sampling
variability arguments to discuss whether the conclusion also pertained to the population of books (dt,
mcc). She agreed with a student who remarked that the small difference between the two most
frequently used words increased the inference’s certainty (see Figure 1):

Celine: The and he are very close, so that makes it a bit difficult because if maybe there was a
larger difference, then we could have done, then maybe we could say more certainly,
right? [...] Very good.

However, after this statement, Celine ran into problems for the first time. When she asked for a
show of hands to indicate whether all books needed to be read, to her apparent surprise, all students
raised their hands to indicate that indeed this was necessary. One student explained that all books needed
to be read because many books that were not read could contain the less frequently than the books in
the sample. Celine did not know how to respond to the students’ unanimous opinion, and, after some
hesitation, Celine closed the lesson abruptly. Like Alfred, she thus failed to use sampling variability
arguments to convincingly demonstrate how it is possible to use a sample to make general claims about
the population (dt, mcc).

The reflection interview revealed three reasons why she failed to respond to the class’s idea that all
books needed to be read:
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I found it very difficult though, when I was standing there like: “Well, done the entire lesson and
now? Am | going to explain it another time that this is just, if you would read more books that
kind of you get the same result?” [...] So that was a remarkable moment, when all hands went
up with: “Read all books.” Then I thought: “No! What now?”” But then time was already up, and
we had already done everything, and it was already on the board, and | thought like, “Well, that
was a goal we did not attain.”

The first reason given was a practical one: there was no time left to explain how making inferences
was possible. The second reason was that she was caught off guard and lost for words. Both Celine and
the observer had the impression that before this incident the students understood that not all books
needed to be read. During the reflection interview, Celine noted that she had not expected that students
would respond almost unanimously that all books needed to be read. A third reason was that she did
not believe that repeating the same explanation would have been helpful. Underlying this third reason
could be another reason; Celine did not know how to explain how making inferences is possible if the
difference between the two most frequently used words is small. Before a student pointed out this small
difference, she had argued that making inferences is possible because a larger sample would probably
yield a similar result. Celine had used this argument when the teacher educator modelled the lesson in
teacher college. However, it only works for relatively large differences. For small differences, another
argument—one that relates sampling variability to uncertainty—is required. For example, one could
demonstrate that for a sufficient sample size, most sample results yield the same most frequently used
word, even for small differences between the two most frequently used words. The teacher educator
demonstrated this line of reasoning during the simulation of the law of large numbers (see Table 1,
session 1). However, Celine did not know how to use this reasoning in the context of the lesson she was
teaching.

4.3. DEMI

Two issues stand out in Demi’s lesson. The first issue was that Demi was the only PST to deviate
from the lesson plan regularly, and most of her planned and unplanned deviations did not contribute to
the attainment of the learning objectives (ath: 22%; da; 17%). These inappropriate deviations may be
related to a lack of awareness of the purpose of the particular lesson fragment (ap: np-i 28%). Also,
Demi addressed issues irrelevant for 1SI; for example, while the discussion of words the class expected
to find most frequently was only meant to facilitate the investigation by limiting it to five words, Demi
put an unwarranted emphasis on the exact order within these hypothesized top five words. This may be
based on an incorrect understanding of ISI.

The second issue was that in several fragments, Demi combined overt shortcomings in ISI-CK,
shown in obvious mistakes (osk: np-i 28%) and incorrect responses to students’ ideas (rsi: p-i 22%)
with a tendency to neglect uncertainty (Uncertainty: 71.4% appropriate). Often, her language and tone
were characterized by a decisiveness that was inappropriate given the uncertainty involved in making
inferences. An example was her disapproval of a student’s suggestion to sample another book in order
to increase the certainty: “Take another book? But then at a certain point you have had all books, and
just at the beginning we decided we don’t need to read all books to find it out.” Moreover, Demi did
not notice the small difference between the two most frequently used words. Only after a student pointed
out that this small difference made the inference more uncertain, Demi expressed herself less
confidently, without discussing the student’s reasoning. A second example of her tendency to express
herself overconfidently and too decisively was observed at the close of her lesson, at which point she
claimed that she knew that the was the most frequently used word in the population, the class bookcase,
without clarifying how she knew this. This led to general confusion among the students.

Demi: OK, if I tell you the is the most frequently used word. So, | say the is the most
frequently used word, and | tell [you] that if we would read more books, the is still
in position 1. [...] But when you know this and think like, if I make the number of
books larger, will the number 1 remain the same?

Student1:  No.

[...]

Student 2: I don’t understand.
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Demi: I tell you that if we would read the entire bookcase... the will still be in position 1.

Student3:  No.

Student4:  Yes

Demi: Itis.

[...]

Student5:  Yes, but I don’t get it. Yes, I don’t get it.

Demi: OK, one last time, | will try once more. We have a bookcase; this is the bookcase.
We tested this small part of the bookcase, so we looked into this part to see which
words occur most often in this part. So far, we are all right? Here, this is the result:
the is in position 1, and a is 2. If we would read the entire bookcase—of course, we
won’t—then we get the same result.

Several
students: Huh?
Demi: Then we get the same result, then the is still in position 1.

During the reflection interview, Demi explained that her claim that the was the most frequently used
word in the population was just a slip of the tongue; she intended to argue that, if in the sample the was
the most frequently used word, one could assume this would be the case in the population as well.
Nonetheless, this episode showed how Demi used non-probabilistic language (“then we get the same
result,” “It is,” “I tell you”) and a decisive tone to press an explanation onto the students. It seemed that
she wanted to convey the message that making inferences is possible because another sample will—
rather than might—yield a similar outcome.

Demi attributed her negligence of uncertainty to her limited 1SI-CK. During the reflection interview,
she indicated that during the model lesson, she had missed an answer to the question, “What is it in the
end?” (i.e., how making inferences is possible). In preparing the lesson, she had tried to get a firmer
grasp of this issue in order to give her students a clear answer: “Yesterday, I’ve been reading the lesson
plan over and over again so | would have certain answers, so | would know what it is.” Apparently, she
did not find a satisfactory answer. In the absence of a suitable explanation for how making inferences
is possible, Demi appeared to resort to evading any discussion about the uncertainty of the inference.
This might be related to a tendency to have precise answers, as the above quotation suggests, and some
support for this is found in the pretest of the intervention. At that time, she still agreed that no claims at
all could be made about the population. The lack of an explanation and a tendency to aim for certainty
may have made her neglect the role of uncertainty, resulting in her claim that another sample “will”
yield a similar outcome.

5. DISCUSSION

This study reports on the results of the analysis of the MKIT of three pre-service primary school
teachers teaching ISI, who participated in a teacher college intervention and who had little exposure to
ISI. The results show that for most aspects of I1SI, the PSTs were able to mobilize their 1ISI-CK gained
in the teacher college intervention when teaching ISI, as most of their teaching actions were appropriate.
In most fragments, they acted appropriately in relation to the first two components of ISI, Data as
evidence and Generalization beyond the data. Coding the appropriateness of both present and absent
teaching actions revealed that inappropriate teaching actions often concerned the failure to correctly
interpret students’ conceptual input, to provide correct explanations, and, for Alfred and Demi, a lack
of purpose. In relation to Sampling variability and Uncertainty, the PSTs struggled to provide correct
and complete explanations.

A major finding was that the PSTs were consciously engaged in making inferences based on sample
data. This engagement extended beyond simply following the lesson plan. Even though we have
previously shown that, within a limited time frame, teacher college activities can be used to foster PSTs’
ISI-CK (De Vetten et al., 2018), it is not evident that they were able to use their newly acquired
knowledge in teaching (Lobato, 2006). In particular, the modelling of the ISI lesson in teacher college
appeared valuable to the participants and helped them to prepare and teach their ISI lessons. The
conscious engagement with ISI stands in contrast to the PSTs in Leavy (2010), who excessively focused
on descriptive procedures. This may be due to providing the PSTs with a lesson plan that contained
sufficient affordances for inferential reasoning, while in Leavy’ study the PSTs designed ISI lessons
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themselves. In this study, the lesson plan appeared to have supported the PSTs to use instructional
materials, to build on students’ ideas, and to use informal language, appropriate to the students’ level
of understanding. Thus, we created the conditions for the conscious engagement in inferential
reasoning. For teacher education, this finding may implicate that if PSTs have limited experience with
ISI and no experience in designing such lessons, it may be more effective to provide them with a lesson
plan rather than have them design lessons themselves (Chick & Pierce, 2012; Sullivan et al., 2009).

Coding the appropriateness of absent teachings actions revealed that the main shortcomings in the
PSTs” MKiT were all related to insufficient 1SI-CK. Insufficient ISI-CK was manifested in problems
with explaining issues of sampling variability and uncertainty, with interpreting students’ conceptual
input, and in a lack of purpose. This shows, first, that CK is foundational for teaching, as hypothesized
by Rowland et al. (2009), and in line with previous results in mathematics education research (e.g.,
Blomeke et al., 2011; Getenet & Callingham, 2021; Schmidt et al., 2008). Second, it shows that the
PSTs found it difficult to “unpack” their ISI-CK related to sampling variability and uncertainty (Ma,
1999). In particular when unexpected remarks by students confronted the PSTs with issues not
discussed at teacher college, they struggled to provide conceptually appropriate explanations. To
facilitate the transfer from what PSTs learn in teacher college to primary classrooms and enable them
to deal with unexpected events, teacher education may need to pay more attention to recontextualizing
(Van Qers, 1998) ISI-CK, and helping PSTs to adapt the meaning of a concept learned in teacher college
to a teaching setting. Furthermore, PSTs could be given more opportunities to deepen their I1SI-CK
(Haskell, 2001), in particular regarding their understanding of Sampling variability and the logic of
inference (Lobato, 2006). Alternatively, when only limited time is available, lesson plans could include
a ready-to-use, context-specific explanations, which allow PSTs to demonstrate sampling variability
and how making inferences is possible.

From a data-analytic point of view, this study illustrates that using the KQ framework to also code
the appropriateness of absent teaching actions, light can be shed on aspects of teacher knowledge that
otherwise may remain hidden (Weston, 2013). Coding the appropriateness of both present and absent
teaching actions thus helps to gain a more complete picture of teachers” MKiT.

5.1. LIMITATIONS

This study has a number of limitations. First, the PSTs’ experience with ISI was limited. Teaching
a subject requires a thorough MKT and solid teaching experience (Hill et al., 2008). As in Leavy (2010),
PSTs’ unfamiliarity with the subject hindered their teaching. Although the aim of our investigation was
to study the expression of ISI-CK in a context where the PSTs had limited time to learn and practice
teaching ISI, future research could investigate whether similar challenges are faced by teachers with
more IS experience and with multiple opportunities to teach I1SI (Groth, 2017; Leavy, 2010).

Second, the PSTs’ MKIT was dependent on participant selection, their pre-existing ISI-CK, the
lesson taught, and the specific support offered to them during the intervention. These factors limit the
generalizability of the findings, which necessitates research in other contexts. However, our finding of
the necessity of sufficient MKT to show appropriate MKIT is consistent with studies in other domains
of mathematics (Blomeke et al., 2011; Getenet & Callingham, 2021; Schmidt et al., 2008). Moreover,
our finding of the importance that PSTs are able to provide convincing explanations and demonstrations
related to sampling variability may inform teacher educators in general about the relative emphasis to
put on sampling variability when supporting teachers to introduce primary school students to ISI.

Third, the PSTs’ behavior may have been influenced by the observer’s dual role as their teacher
educator. This could have influenced their ISI-MKIT positively, if the PSTs put in greater effort than
they would have otherwise, or negatively, if it resulted in more stress. However, no indications were
found—for example, from the reflection interviews—that either of these influences played a vital role.

5.2. CONCLUSION
The aim of this study was to demonstrate what happens when PSTs with limited ISI experience
teach an ISl lesson. The result that PSTs were consciously engaged in making inferences based on

sample data is promising in light of the trend to have primary school students be introduced to I1SI and
the subsequent need to prepare primary school teachers to conduct this introduction. To conduct this
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introduction well, it is crucially important that teachers understand how making inferences is possible.
Therefore, teacher education should include a variety of activities that focus on the core logic of
inference, using tools to explain how making inferences is possible. These activities should resemble
those that teachers can use to introduce primary school students to ISI. Providing a lesson plan that
requires little descriptive analyses and that contains sufficient affordances to discuss ISI may help
teachers to focus on inferential reasoning. Future research conducted in primary classrooms could
determine whether these tools indeed allow teachers to provide such explanations. The ultimate interest
would be in research that investigates whether these explanations help primary school students to
understand that making inferences based on sample data is possible and how to find the balance between
knowing nothing and knowing everything (Rubin et al., 1990).
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APPENDIX 1

DEFINITION OF KNOWLEDGE QUARTET DIMENSIONS AND CODES

KQ dimensions and codes

Definition

Foundation
Adherence to textbook

Awareness of purpose
Concentration on procedures

Identifying pupils’ errors
Overt display of subject
knowledge

Theoretical underpinning of

pedagogy
Use of mathematical terminology

PST’s knowledge, beliefs and understanding acquired in the
academy, in preparation for their role in the classroom

PST deviates from provided lesson plan, in planning or delivery of
lesson

PST is aware of the purpose of the lesson

PST concentrates on applying or teaching procedures without an
attempt to discuss the reasoning behind the procedure

PST identifies students’ mistake(s)

PST displays subject knowledge that clearly extends beyond or falls
below (i.e., makes obvious errors) what can be expected from a
teacher with the same background

PST shows deliberate use of theoretical insights regarding the
teaching of the subject in planning or delivery of lesson

PST uses mathematical terminology at a for the students appropriate
level

Transformation

Choice of examples

Choice of representations
Use of instructional materials

Teacher demonstration

PST’s capacity to transform content knowledge into
pedagogically powerful forms

PST selects and uses examples, other than suggested in the lesson
plan

PST selects and uses mathematical representations that fit the
content to be explained

PST uses instructional materials, either concrete or symbolic, to
explain the content

PST explains or demonstrates content

Connection

Anticipation of complexity

Decisions about sequencing

Making connections between
concepts

Making connections between
procedures

Recognition of conceptual
appropriateness

PST’s ability to bind together choices and decisions that are
made for more or less discrete parts of mathematical content
PST anticipates the complexity of the content by assessing whether
students will be able to understand the content and by assessing
possible misconceptions

PST introduces content, ideas and strategies in an appropriately
progressive order (i.e., in an order that makes the content
understandable to students)

PST explicitly discusses (with the students) the connections between
various mathematical concepts

PST explicitly discusses (with the students) the connections between
various mathematical procedures

PST recognizes the conceptual appropriateness of students’ remarks
concerning mathematical concepts

Contingency

Deviation from agenda
Responding to students’ ideas
Responding to (un)availability of

tools and resources
Teacher insight

PST’s ability to act upon unplanned classroom events (i.e., to
‘think on one’s feet’)

PST deviates from the lesson plan, as a result of what happens in
class

PST responds to students’ ideas or suggestions related to the content
of the lesson

PST responds to unplanned and/or unexpected (un)availability of
tools and resources

PST reflects on his or her teaching during teaching (‘reflection in
action’)
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APPENDIX 2

SUMMARY OF THE LESSON PLAN, “WHAT IS THE MOST FREQUENTLY USED
WORD IN A STACK OF CHILDREN’S NOVELS?”

Introduction phase

1. Introduce the topic, the most frequently used words in Dutch children’s novels, by discussing whether
all words need to be known to understand a book.

2. Let students formulate in small groups the hypothetical top three likely candidates for the most
frequently used word in Dutch children’s novels. Use a class discussion to reach consensus about the
top five, and steer toward a sensible top five.

3. Tell the students they will conduct an investigation. Show the driving question: “What is the most
frequently used word in Dutch children’s novels in the school library?”

Research design and data collection phase

1. Ask the class: “How can we find an answer to the driving question?” Try to elicit the response: by
taking a sample. Steer class discussion toward a good sampling method, such as sampling from the
pile a number of (random) books and pages or lines. Agree on a sampling method.

2. Provide the students with the form and instruct them how to collect the data: “Read the agreed-upon
number of pages/lines and check a box each time one of the top five occurs. Count totals.” Let
students conduct investigation in groups of two or three. Students answer the questions on the
handout.

3. Leteach group compare their results with those of another group and let them formulate one answer.
Emphasize that only one word can be the most frequently used. If possible, let groups with different
answers compare their results.

Conclusion phase (original version)

1.  Hang forms on the wall. Ask for the students’ answers and organize cognitive conflict by discussing
diverging results. Steer toward the solution that pools the groups’ sample results.

2. Use the template Excel file to make a bar graph of the pooled data for all groups.

3. Show the graph based on pooled results to the class. Discuss what the final answer to the driving
question is. Discuss the certainty of the conclusion. Eventually discuss whether another sample would
yield a different result. Discuss how to increase the certainty of the conclusion. Evaluate the lesson by
asking what the students have learned.

Conclusion phase (adapted version)

1. Use the template Excel file to make a bar graph of the pooled data for all groups.

2. Hang sheets of paper with the top five words on the wall, including a sheet stating: “I cannot say
anything about which word is most frequently used in the pile of books.” Have students stand at one
of the sheets to indicate their answers to the driving question.

3. One-by-one, show four fictitious statements to students. Have students indicate their approval, and let
them explain why:

1) “Ican’t say anything at all about which word is most frequently used in the pile of books, because
we haven’t checked all books.”

2) “As long as we check enough books and pages, we don’t have to read all books.”

3) “We should select different kinds of books from the pile because the books we select should
resemble all the books in the pile.”

4) “I am quite sure that the most frequently used word in the graph is also the most frequently used
word in the entire pile of books.” (If the two most frequently used words are close, use: “I am not
entirely certain which word is the most frequently used in the entire pile of books, but I am still
quite certain that number 1 or 2 in the graph is also the most frequently used word in the entire
pile of books.”

4. Show an overview of the correct statements, which form a complete reasoning underlying the
conclusion. Have students again stand at one of the sheets to indicate what their answer to the driving
question is. Discuss any changes. Evaluate the lesson.
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